We study lattice points in d-dimensional spheres, and count their number in thin spherical segments. We found an upper bound depending only on the radius of the sphere and opening angle of the segment. To obtain this bound we slice the segment by hyperplanes of rational direction, and then cover an arbitrary segment with one having rational direction. Diophantine approximation can be used to obtain the best rational direction possible. Keywords: discrete geometry, lattice points on spheres, Diophantine approximation. MSC(2010): 11P21, 11K60.
Introduction
The study of lattice points in d-spheres has been extensively studied across history, starting with the two dimensional case of Gauss's circle problem, that asks for the number of lattice points N(r) inside a circle of radius r, with r 2 = n an integer. Gauss already knew that by geometrical considerations N(r) is close to the area of the circle πr 2 , so the problem quickly became about the asymptotic behaviour of E(r) = |N(r) − πr 2 |. A natural question is to ask what is the least α such that E(r) = O(r α ). Gauss proved that α ≤ 1 by considering the length of the circumference, Sierpinski improved it to α ≤ 2/3, and Van der Corput lowered it to α < 2/3 [Gro85, . They also conjectured that α could get arbitrarily close to 1/2. The best upper bound to date is α ≤ 131/208 by Huxley [Hux03] . As for a lower bound, Hardy and Landau independently proved that α > 1/2. Gauss's circle problem could be considered as the average of all the r 2 (m) for m ≤ n, where r 2 (m) is the number of integral solutions to x 2 + y 2 = m. Unlike Gauss's problem, where obtaining the correct order of magnitude is easy, here it is more difficult since r 2 (m) vanishes for arbitrarily large m. Relating r 2 (m) to the number of divisors of m [HW08, Ch 16.10] yields r 2 (m) ≪ m ǫ for any ǫ > 0 1 . Consider the number of lattice points on a short circular arc. Cilleruelo and Cordoba [CC92] proved that on a circle of radius R, an arc of length no greater than √ 2R 1/2−1/(4⌊l/2⌋+2) contains at most l lattice points. Cilleruelo and Granville [CG09] proved that in an arc of length less than (40 + 40 3 √ 10) 1/3 R 1/3 there are at most 3 lattice points, an improvement on a result by Jarnik [Jar26] , that in an arc of length less than or equal to than R 1/3 there are at most two lattice points.
Moving to 3 dimensions, S(R) denoting the number of lattice points inside a sphere of radius R, we have the analogue of Gauss's circle problem. By the same geometrical considerations S(R) is of the order of 4 3 πR 3 , the volume of the sphere. Hence we are interested in
Heath-Brown [HB99] proved that θ ≤ 21/16. As in the two dimensional case, the number r 3 (R 2 ) of lattice points on the sphere of radius R, R 2 = n still vanishes for arbitrarily large n, of the form 4 a (8k + 7) (Legendre's theorem [Gro85, Ch. 4]), although Walfisz [Wal42] proved that r 3 (R 2 ) ≫ R log log R holds for infinitely many n. We also have the upper bound r 3 (R 2 ) ≪ R 1+ǫ for any ǫ > 0 and the lower bound r 3 (R 2 ) ≫ R 1−ǫ for n = 0, 4, 7 mod 8 [BSR12, 1] i.e. when there are primitive solutions to x 2 + y 2 + z 2 = n (solutions where the greatest common factor of x, y and z is 1). The distribution of lattice points on the sphere has also been a topic of study. In the 1950s Linnik proved that as n tends to infinity amongst n square-free and n ≡ ±1 mod 5, the projections of the lattice points onto the unit sphere becomes equidistributed. Duke [Duk88] and Golubeva-Fomenko [GF90] independently proved the result removing the constraints on n after thirty years.
A three dimensional analogue of an arc is a cap, the surface obtained by cutting the sphere with a plane, or equivalently, the intersection of RS 2 and sphere of radius λ centered at a point of the sphere. Bourgain and Rudnick [BR12] proved using a theorem by Jarnik [Jar26] that the maximal number F 3 (R, λ) of lattice points in a cap of radius λ satisfies 
If we slice the sphere by two parallel planes we obtain a spherical segment. Maffucci [Maf17, Proposition 6.2] gave a bound for the number of lattice points in segments given their opening angle, a theorem that we generalise in this paper.
The four dimensional case still shows an erratic behaviour, for instance r 4 (2 n ) = 24 for all n. For d greater than 4 everything behaves much more nicely, and there are sharp bounds for r d i.e. r d (R 2 ) ≈ R d−2 , via the circle method [Gro85, Chapters 10-12]. By similar methods Bourgain-Rudnick [BR12, Appendix A] also proved bounds for the number of lattice points in d-dimensional spherical caps:
The proof of the 3 dimensional case is considerably different from higher dimensions, as it uses the technique of slicing by rational planes, and then Diophantine approximation, a technique we also use in this paper.
While interesting in its own right, lattice points problems have found applications in other fields. Recently there have been applied in arithmetic waves, with results by Oravecz Before stating the main results, we first need to define some key concepts. Let S d−1 denote the unit sphere in R d , and B(α, r) the closed ball of radius r around α ∈ R d .
We then define a spherical segment S ⊆ RS d−1 as S = T 1 \ T 2 , where each T i is a spherical cap of direction β and radius r i , r 1 > r 2 .
We will soon see that the boundary of T contains a base which is a (d − 2)-sphere in a hyperplane orthogonal to β, hence the following definition.
Definition 1.2. The opening angle of a spherical cap is ∠P OQ, where O is the origin and P ,Q are antipodal points of the (d − 2)-sphere that is the base. The opening angle θ of a segment S is θ 1 − θ 2 , where θ i is the opening angle of T i .
We define ψ(R, θ) to be the maximal number of lattice points in segments of opening angle θ. Our method will involve slicing the segment by hyperplanes. In this context, κ d (R) is the maximal number of integer points on the intersection of RS d−1 and a hyperplane. We are now in position to state the main results of the paper. The first one is a generalisation of the following result by Maffucci [Maf17, Proposition 6.2] for the three dimensional case:
Theorem 1.3. Let ψ(R, θ) be the maximal number of lattice points on spherical segments in RS d−1 with opening angle θ. Then
We can improve Theorem 1.3 if we are given more information about the direction of the segment.
Definition 1.4. For β ∈ R d , |β|= 1, β is said to have s rational quotients if 1 k β has exactly s + 1 rational coordinates, where k = max{|β i | : i = 1, 2 . . . , d}.
We then fix some direction β and ask for the number of lattice points in segments of radius R and opening angle θ. The case s = 0 is already covered in Theorem 1.3.
Theorem 1.5. Let S ∈ RS d−1 be a spherical segment of opening angle θ and direction β having s rational quotients, 1 ≤ s ≤ d − 2. Let ψ(R, θ, β) be the number of lattice points in S. Then
Next, we prove some general geometrical facts about segments that will be useful later on. On Section 3 we will state all the relevant lemmas and prove Theorem 1.3. Section 4 is devoted to the proof of such lemmas and we prove Theorem 1.5 on Section 5.
Some geometrical considerations
Recall Definition 1.1. We now prove that the bases of S are indeed (d − 2)-spheres. Let v · w denote the dot product of two vectors in R d . The intersection of {|x − Rβ| = r i } and |x| = R lies in the plane β · x = R −
holds on the intersection. Then
so that S has two bases B 1 and B 2 that are (d − 2)-spheres lying on the hyperplanes β · x = λ i , of radii
In Definition 1.2, P OQ is an isosceles triangle of side lengths R and 2k i , so θ is well-defined. Because P and Q are antipodal points, O, P, Q and Rβ are coplanar, hence by basic geometry we have that r i = 2R sin(θ i /4).
(2.1)
Another parameter that will be useful is the height of the segment, the distance between the two bases B 1 and B 2
3 Proof of Theorem 1.3
We will first state the necessary lemmas, that will be proved in the next section.
Lemma 3.1, although simple, provides the best upper bound for a segment of rational direction; we will use it to prove the next lemma. Lemma 3.1 will be proved in the next section.
Lemma 3.2. Let S ⊆ RS d−1 be a spherical segment with direction β and opening angle θ. For any a ∈ Z d , the maximal number of lattice points lying on S satisfies
where φ is the angle between β and a. The implied constant is absolute.
We will prove Lemma 3.2 in the next section. We will try to find an a ∈ Z d that optimises |a| and φ simultaneously using Diophantine approximation. The main ingredient is the following. Let ξ i ∈ R for i = 1, 2 . . . d , and H ∈ N. Then there exist p i ∈ N and 1 ≤ q ≤ H d such that
Note that a |a| − β = 2 sin (φ/2) ∼ φ as φ → 0. The next lemma will provide a good simultaneous bound for |a| and φ. where ≪ is understood with respect to H, and the implied constants are absolute.
We will prove Lemma 3.4 in the next section. Finally, for Lemma 3.4 we will need an auxiliary lemma (proven in Section 4).
Lemma 3.5. Let α, β be two non-zero vectors of R n . Then 
Therefore, since the implied constants in (3.1) and (3.2) are absolute, we arrive at
To complete the proof we have that for our choice of H,
Therefore φ → 0 as θ → 0, because 0 ≤ φ ≤ π. Proof of Lemma 3.2. Let S = T 1 \ T 2 with respective radii r 1 and r 2 . We will construct S ′ = T ′ 1 \ T ′ 2 having direction proportional to a ∈ Z d , such that S ⊆ S ′ , then ψ can be bounded above using Lemma 3.1 on S ′ . For this it will suffice to construct S ′ so that T ′ 2 ⊆ T 2 and T 1 ⊆ T ′ 1 . We claim that taking r ′ 2 = r 2 − 2R sin(φ/2) and r ′2 1 = r 2 1 + 4Rr 1 sin(φ/2) + 4R 2 sin(φ/2) 2 satisfies the conditions. A point inside T ′ 2 is of the form R a |a| + v with |v| ≤ r ′ 2 , hence
Proofs of the Lemmas
where we have used that β − a |a| = 2 sin(φ/2). This shows that T ′ 2 ⊆ T 2 . Now let Rβ + v with |v|≤ r 1 . We have
≤ 4R 2 sin(φ/2) 2 + |v| 2 + 2R|v| β − a |a| ≤ 4R 2 sin(φ/2) 2 + r 2 1 + 4Rr 1 sin(φ/2) = r ′2 1 so that T 1 ⊆ T ′ 1 as desired. Now, according to (2.2), the height of S ′ is
r 2 1 − r 2 2 + 4R sin(φ/2)(r 1 + r 2 ) .
Recall that r i = 2R sin(θ i /4) (2.1), and θ = θ 1 − θ 2 . Therefore, h ′ = 2R(sin(θ 1 /4) 2 − sin(θ 2 /4) 2 ) + 4R sin(φ/2)(sin(θ 1 /4) + sin(θ 2 /4)). It follows from (4.1) and (4.2) that h ′ = 2R sin(θ 2 /2) θ 4 + 2 sin(φ/2) (sin(θ 1 /4) + sin(θ 2 /4)) + O(θ 2 ) . (4.3)
We have sin(φ/2) ≤ φ/2, and all the other sines in (4.3) are bounded above by 1, thus
as R tends to infinity and θ tends to 0, and the implied constant is absolute. By Lemma 3.1, the number of lattice points in S ′ is no greater than
which is an upper bound for ψ since S ⊆ S ′ .
We now prove Lemma 3.5, which will be used in the proof of Lemma 3.4.
Proof of Lemma 3.5. This is an easy application of the triangle inequality. We have
Next, we prove Lemma 3.4.
Proof of Lemma 3.4. Without loss of generality we assume that |β 1 | = max(|β i | i = 1, 2 . . . d). Define ξ i = β i β 1 for i = 2, 3 . . . d, so that we have |ξ i | ≤ 1 for all i. By Dirichlet's theorem (Theorem 3.3) there exist 1 ≤ q ≤ H d−1 and p i ≤ q for i = 2, 3, . . . , d such that
Let a = (q, p 2 , . . . , p d ). We have p i q ≤ 1 + 1 qH ≤ 2, so that |p i | ≤ 2q. Hence
(4.5)
Now let d = β 1 q a, thus d |d| = a |a| , so that by Lemma 3.5 and (4.4)
Both implied constants in (4.5) and (4.6) are absolute.
5 Rational quotients: proof of Theorem 1.5
We now prove a generalisation of Lemma 3.4 for the case when the direction of the segment has rational quotients (recall Definition 1.4). We are only interested in the case when the number of rational quotients s is less than or equal to d − 2, since for s = d − 1 the proof Lemma 3.1 can be easily modified to give the best upper bound for ψ using this method, and no Diophantine approximation is needed.
Corollary 5.1. Let β ∈ R d have s rational quotients, 1 ≤ s ≤ d − 2, and let H ≥ 1 be an integer. Then there exists a ∈ Z d such that
where ≪ β is understood with respect to H.
Proof. Without lost of generality assume that |β 1 | = max(|β i | i = 1, 2 . . . d). Define ξ i = β i β 1 for i = 2, 3 . . . d, so that we have |ξ i | ≤ 1 for all i. If there are 1 ≤ s ≤ d − 2 rational quotients ξ i , say ξ i = m i n i ∈ Q for 2 ≤ i ≤ s + 1 then by Dirichlet's theorem (Theorem 3.3) there exist 1 ≤ q ′ ≤ H d−1−s and p i ≤ q ′ such that
Let m = s+1 i=2 n i , q = q ′ m, and a = q, qm 2 n 2 . . . , qm s+1 n s+1 , mp s+2 , . . . , mp d ∈ Z d . Then
Now let d = β 1 q a, then d |d| = a |a| , so that by Lemma 3.5 and (5.1)
Therefore, using (5.2), we obtain
This enables us to prove Theorem 1.5, in essentially the same way as Theorem 1.3.
Proof of Theorem 1.5. Given a segment with direction β having s rational quotients, we choose a ∈ Z d satisfying Corollary 5.1, for some yet to be determined H. Then β − a |a| = 2 sin(φ/2) ∼ φ as φ → 0.
Assuming that θ → 0 implies φ → 0. We have, by Lemma 3.2, 
